The main purpose of this paper is to find a recursive form for the summation of nth powers of consecutive congruent numbers. Explicit summation formulas for the first, second and third powers of consecutive congruent numbers are derived. These formulas are applied to some problems involving the nth powers of consecutive congruent numbers.
Introduction
Calculating sums of nth powers of consecutive congruent numbers can take considerable time. However, the sums can be easily obtained if a recursive form is available for the summation of nth powers of consecutive congruent numbers. With that motivation, we first revisit previous studies by Shiflett and Shultz [7] and Juntharee and Prommi [6] . Shiflett and Shultz showed that a positive number n can be expressed as a sum of consecutive congruent numbers 2j + 1, 2j + 3, ..., 2s − 1 for some integers j and s with j ≥ 0 and s > j + 1 if and only if n = (s − j)(s + j). On the other hand, Juntharee and Prommi [6] described a theorem giving conditions under which a positive number n can be expressed as a sum of consecutive positive congruent numbers. It was shown that the required conditions are as follows: These results stimulated us to undertake this study. The outline of the present paper is as follows. In section 2, basic definitions and results required in this research are summarized. These include definitions of consecutive congruent numbers, and the binomial theorem, Pascal's triangle and sums of a finite series. In section 3, a recursive form is derived for calculating the sums of nth powers of consecutive congruent numbers and explicit summation formulas are obtained for sums of first, second and third powers of consecutive congruent numbers. In section 4, the applications of the results to two practical problems are described and conclusions are made.
Preliminaries and Notation
In this section, we summarize some general mathematical background required in this work. For definition 2.1 see ( [1] , [2] , [3] , [5] ). A proof of Theorem 2.2 (The binomial theorem) is given in [4] . Throughout this paper, Z, Z 
Proof. See the proof in [4] . Proof. The results follow immediately from the fact that q i and q i+1 are consecutive congruent numbers in N (m, r).
Main Results
In this section, we prove the main Theorem 3.4 for recursive summation of the nth powers of consecutive congruent numbers. In Corollary 3.5 we use Theorem 3.4 to obtain explicit summation formulas for the first, second and third powers of consecutive congruent numbers.
We begin by stating and proving some lemmas.
Proof. According to the binomial theorem and q i ∈ N (m, r), we have 
Proof. The result is obtained by expanding 
If we use Lemma 3.1 the left hand side term of (1) can be simplified as follows:
Again, by applying Lemma 3.2 to the right hand side term of (2), we obtain, 
Proof of 2). We use the results of Theorem 3.4 and Equation (3). Using Equation (3), we obtain,
Finally, using the results of Theorem 3.4 and Equation (4), we deduce
Proof of 3). The proof uses the results of Theorem 3.4 and Equations (3) and (5).
From the results of (3) and (5), we obtain 
Then using Theorem 3.4 and Equation (6), we obtain 
Conclusions and Applications
For given positive integers m and r such that 0 ≤ r < m, we define the set N (m, r) = {q ∈ Z : q ≡ r(mod m)}. The elements in N (m, r) can be labelled consecutively as q i = im + r, i ∈ Z. The important conclusion of this study is that the summation of the nth powers of consecutive congruent numbers can be carried out using the recursive form
Using this recursive form, we obtained the following explicit summation formulas for the first, second and third powers of consecutive congruent numbers:
2) 3m The above results can be used to solve some practical problems. For example, to find the total surface (or volume or mass) of a set s objects in which
• all of them are cubes but of different sizes, and
• the difference in lengths of sides of the consecutive objects is equal to m units.
Those objects have been shown in the following figure.
In general, the calculation of sums of an nth power of consecutive congruent numbers can be a long and tedious task. However, the calculation can be carried out easily by using the recursive summation form of the nth powers of consecutive congruent numbers and the summation formulas for the first, second and third powers.
We now give two examples. Solution. We can analyze and solve this problem as follows: Obviously, we see that n = 3, s = 50, m = 10, r = 3 and i = 0, then we obtain 
